We address the question as to when a motion or almost-orbit of a strongly continuous semigroup of operators in a Banach space is weakly asymptotically almost periodic. Our results on existence and representation are applied to the study of (weak) stability properties of operator semigroups and the problem of existence of almost periodic motions for (a) uniformly bounded C,-semigroups of linear operators and (b) nonlinear contraction semigroups. This paper continues our study of weak almost periodicity for motions and almost-orbits of a strongly continuous semigroup (S(t)),, ,, of operators in a Banach space A'. In [28, 301, we addressed the problem of characterizing motions and almost-orbits that are weakly almost periodic in the sense of Eberlein [12]; i.e., those for which the set of translates is weakly relatively compact in the sup-normed Banach space C,( R +, X). Here, we take up the question as to when a motion or almost-orbit U: R + + X is weakly asymptotically almost periodic; i.e., such that, given any continuous linear functional x* on X, the set of translates of x* 0 u is (sup-norm) relatively compact in C,( R + ).
After a preliminary section in which we collect the various concepts of almost periodicity to be used in the sequel, we begin in Section 2 by developing representation results for weakly asymptotically almost periodic almost-orbits of (S(t)),,,. Under certain restrictions, we show that any such almost-orbit u : R+ +X uniquely decomposes as the sum u = S( l ) y + cp of a (classical) weakly almost periodic motion S( l ) y of (S(t)),,, and a function cp that weakly vanishes at infinity (Theorems 2.2 and 2.6). In Section 3, we characterize weak asymptotic almost periodicity of an almost-orbit u in terms of weak-to-weak uniform equicontinuity of (S(t)),,, on the range of u.
The results of Sections 2 and 3 are basic in nature, and are presented in a relatively general framework. Applications and consequences are presented in Section 4, where we specialize these general results to the context of (a) uniformly bounded CO-semigroups of bounded linear operators and (b) nonlinear contraction semigroups to derive (1) representations and characterizations of weakly asymptotically almost periodic almost-orbits;
(2) existence of almost periodic motions and asymptotic convergence of almost-orbits to almost periodic motions; (3) (weak) stability properties of (S(t)),,, and asymptotic convergence of almost-orbits to fixed points of (S(t)),,,.
We conclude by briefly recalling the connection between these results and the qualitative study of asymptotic behavior of solutions to the abstract Cauchy problem.
PRELIMINARIES
Throughout the paper, X will denote a (real or complex) Banach space, and (s(t)Lao will be a strongly continuous semigroup of continuous operators on a weakly closed subset C of X. The (continuous) dual of X will be denoted by X*, while B,, WI '11 denote the dual unit ball. Further, the closure (respectively, weak closure) of a subset D of X will be denoted by cl D (respectively, w-cl D), and the norm (respectively, weak) limit of a sequence (x,), in X will be denoted by 1) l I/ -lim X, (respectively, w-lim x,).
Given a continuous function u : R+ -+ X, we shall refer to y(u) = {u(t): teR+} as the orbit of u and w(u)={yEX:30<t, + cc such that (1 l II-lim u( t,) = y } as the o-limit set of u. Correspondingly, o,,(u)= {yd: 30<t, + cg such that w-lim u( t,) = y 1 is termed the weak o-limit set of u. In case u = S( l )x is a motion of (S(t)),,, through some x E C, however, we shall follow the usual practice of denoting these three sets by y(x), o(x), and o,,(x), respectively.
1.1. DEFINITION [ 22, Definition 3.11 . A continuous function u : R + -+ C is called an almost-orbit of (S(t)), a0 if lim sup 11 u(t+h)-S(h) u(t)11 =O. t-22 hER+ Interest in almost-orbits (rather than just motions) of (S(t)),,, stems from the fact that mild solutions (linear A), respectively, integral solutions (nonlinear A) to the inhomogeneous Cauchy problem associated with an operator A turn out to be almost-orbits of the semigroup generated by A in certain cases (see Section 4.5).
We now proceed to recall the requisite periodicity concepts. For JE (R, lR+ }, we let C,(J, X) denote the usual Banach space of bounded continuous functions from J into X under the supremum norm, while C,(J, X) denotes the subspace consisting of those fE C,(J, X) which vanish at infinity on J. Similarly, C,(J, X,) will denote the space of all bounded, weakly continuous functions from J into X endowed with the topology of uniform convergence when X has its weak topology, and C,(J, X,.) denotes the subspace of functions which vanish at infinity with respect to the weak topology of X. Further, given a functionf : J + X and w E J, the o-translate f, of f is defined by fo(t) =f( t + o), t E J, and H(f) = {f,, : o E J} will denote the set of all translates off:
(a) A function f~ C,(R, X) [respectively, fe C,(R+, X)] is said to be almost periodic (a.p.) [respectively, asymptotically almost periodic (a.a.p.)] if H(f) is relatively compact in C,( R, X) [respectively, Cb(R+, X)].
(b) A functionfe C,(lR', X,,) [respectively,fe Cb(R+, X,)] is said to be weakly almost periodic (w.a.p.) [respectively, weakly asymptotically almost periodic (w.a.a.p.)] if x* 0 f is almost periodic [respectively, asymptotically almost periodic] for all x* E X*.
(c) For JE {R, R + >, a function fe C,(J, X) is said to be Eberlein- and Favard [13] in the group case (J= R), and Frechet [16, 171 in the semigroup case (J= lR+) with dim X< ccj (cf. [25] [26] [27] 321 for the case J= R + and X a general Banach space); (b) in the group case to Amerio (cf. Cl]); and (c) to Eberlein [12] for dim X= 1 (cf. [lS, 21, 291 for arbitrary X). For the semigroup case of (b), we refer to [26, 27, 291 .
The spaces of X-valued functions defined in (a)-(c) of 1.2 will be denoted respectively by (a) AP(R, X) [AAP(R+, X)], (b) WAP (R, X) [WAAP(R'+,X)], and (c) W(J,X), JE {R, R+}. We also let W,(J,X) denote the vector subspace of W(J, X) consisting of those cp E W(J, X) for which the zero function belongs to w-cl H(q).
Of course, a.p. functions can as well be characterized in terms of relatively dense sets in [w of c-almost periods [S] , and a corresponding formulation holds for a.a.p. functions [27] . For later use, we also need the following basic facts about the above listed concepts of almost periodicity. For assertion (a), see Frechet [ 16, 171, 111, and [25, 271. For (b) , see [27] , while we again refer to [lo] for (c).
Finally, we shall say that a function f: R+ -+X is (weakly) almost periodic if it is the restriction to R+ of a (weakly) almost periodic function g:R+X.
REPRESENTATION OF WEAKLY ASYMPTOTICALLY ALMOST PERIODIC

ALMOST-ORBITS
In this section, we establish general representation results for weakly asymptotically almost periodic almost-orbits of operator semigroups. The main point is that such an almost-orbit uniquely decomposes into the sum of a (classical) weakly almost periodic motion of the semigroup and a function that weakly vanishes at infinity. Applications to special classes of operator semigroups will be given in Section 4.
2.1. Remark. In the principal results to follow, we require that the almost-orbit u : R + -+ C of (S(t)), a 0 is such that This condition automatically holds in the following cases (see [30, Remarks 2.51):
is a nonlinear contraction semigroup on a reflexive Banach space X which has an everywhere defined weakly sequentially continuous generator [ 15, Theorem 3.11. (c) (s(t)),,, is a nonlinear contraction semigroup on a closed convex subset C of a uniformly convex Banach space X and u : [w' -+ C is a bounded almost-orbit of (S(t)),,, which is asymptotically isometric; i.e., lim, _ cT: 11 u(t + h) -u(t)11 = p(h) exists uniformly over h E [w + [28, Lemma 1.71. This, in turn, is satisfied for (cl) an almost-orbit u such that O(U) # a, and (~2) any almost-orbit u of (S(t)),,, in case X is a Hilbert space, 0 E C, and there exists a constant L > 0 such that for all t > 0 and x, y E C; in particular, if C = -C and (S(t)),,, is odd, which is to say S(t)( -x) = -S(t) x for all t > 0 and x E C (see [22, Proposition 5.5 and Corollary 6.21). Then u is weakly asymptotically almost periodic with weakly relatively compact range if and only if there exist unique elements y E o,,(u) and q E C,([w+, X,) such that (i) u = S( l ) y + rp, and (ii) S( l ) y is weakly almost periodic with y(y) weakly relatively compact in X.
2.3. Remarks. (1) As an addendum to Theorem 2.2, if UE WAAP(IW +, X) has weakly relatively compact range, then the w-limit set W(u)= {gECb(lR+, X,): (u,,), converges to g in C,(Iw+, X,) for some sequence 0 < t, -+ IX } of the translation mapping w + U, from 1w + into Cb(R+,X,) is equal to the set {S( l )z:z~w,(y)} ofmotions of(.S(t)),,, through the elements of o,(y), and thus is equi-weakly almost periodic.
(2) If X is weakly sequentially complete, then every u E WAAP( R! +, X) automatically has weakly relatively compact range (Proposition 2.4 below).
Our proof of Theorem 2.2 will be based on the following result concerning general w.a.a.p. functions. (b) Zf the range off is weakly relatively compact in X, then there exist uniquely determined functions g E WAP( R, X) and cp E C,( 52 +, X,V) such that f =gl R+ + cp, and g has weakly relatively compact range. In this case, moreover, the set H(f) of translates off is relatively compact and relatively sequentially compact in C,(R +, X,,.). 
and g(R) is weakly relatively compact in X. Taking K= w-cl g(R) equipped with the induced weak topology, K is a weakly compact subset of a separable subspace of X, and hence K is compact and metrizable. Moreover, g is almost periodic as a map from R! into K. Thus, given any E > 0, there exists a relatively dense set PE(g) in [w of s-almost periods for g [5, 25] . Choosing r, E [n, 00) n P,,,,(g), n E N, (g,")), then converges to g in C,( &I, X,, ). Again using Proposition 2.4(b), we can as well assume that (u,~), converges in C,(R+,X,,) to some hECh(R+, X,). From (l), we conclude that h = g ) R+, and hence w-lim U(Z, + t) = g(t) for all TV R+.
(2) n From hypothesis (* ) and the fact that u is an almost-orbit of (S(t)),,,, we further have that (4) I, Combining (2), (3), and (4), we now conclude that g(t) = S(t) y for all teR+, where y =g(O) = w-lim u(r,,) E w,,(u). Since the converse assertion is obvious in view of Theorem 1.3(a), the proof is thus complete.
We next address the problem of representing almost-orbits that are both w.a.a.p. and E.-w.a.p. In turn, this will lead to the semigroup analog of the following result for groups by Bart-Goldberg [3, Theorem 31: Assume that X is weakly sequentially complete, and let (G(t)),,,, be a COgroup of continuous linear operators on X. If every motion G( l ) x : 52 -+ X, x E X, is weakly almost periodic, then all motions are almost periodic.
We first show that the direct analog of this result for semigroups of operators-that is, with "almost periodic" replaced by "asymptotically almost periodic"-does not even hold in Hilbert space.
EXAMPLE. Consider the following semigroups of operators:
l<p<cc, where
In each case, (S(t)),,, is a C,-semigroup of isometries on X such that (i) S( l )fe C,(R+, X,,.)n W,(R+, X) for allfe X, but (ii) o(f) = @ and, a fortiori, S( l )f$AAP(R+, X) for allfg X\{O}. is the restriction to [w+ of an equi-almost periodic set of functions in AP(R, X)).
(c) Zf, in addition, (S(t)),,, is semicontractive (i.e., there exists M > 1 such that /I S(t) x -S(t) y I( 6 M II x -y II for all t E [w + and x, y E C), then the following are equivalent:
Remark. In [ 3 1, Theorem 3.11, we have applied Theorem 2.6 to obtain a representation in the spirit of the ergodic theorem due to Gutman and Pazy [20] for the limit of the ergodic means (l/T) Jlf(u(t)) dt, T>O, for an almost-orbit u as in Theorem 2.6 and "observable? f: C-t Y, Y a Banach space.
To prove Theorem 2.6, we make use of the following technical lemma on the relationship between E.-w.a.p. and w.a.a.p. functions. Though involving several steps, the only nontrivial implication ((a)*(b)) follows from standard facts about almost periodic functions, and so we omit the proof. Proof of Theorem 2.6. Assertion (a) follows from [30, Theorem 2.41 in conjunction with Lemma 2.7. Turning to (b), it readily follows from (a) that w,,(u) is nonvoid and coincides with w(y), as well as that o(y) is norm compact. To see that { S( l ) z : z E O,(U)} is equi-almost periodic, let z E w,~(u), and consider a sequence 0 6 CD, --+ co such that z = w-lim ~(0,). Taking g E AP( R, X) such that S( l ) y = g ) R+, we can as well assume that (g,,), converges in C,( R, X) to some h E AP( IF!, X) and, in view of (a), w-lim cp,,( t) = 0 for each t E [w +. Consequently, u( t + 0,) = g( t + 0,) + cp(t + w,) + h(t) weakly in X for each t E [w +. Since u is an almost-orbit of (S(t))*,, for which the assumption (* ) is satisfied, we also have that w-lim, S(t) ~(0,) = S(t) z and w-lim, (u(t + wn) -S(t) u(w,)) = 0 for each t E [w +. We thus conclude that S( l ) z = h 1 R+. Since g E AP(R, X), however, the closure of H(g) = {g, : w E R} in C,(R, X) is equi-almost periodic, and so the proof of proposition (b) is complete.
As to proposition (c), the equivalence of (i) and (ii) is an obvious extension of [25, Corollary 2.51, and thus is true in general. Since (iii) is a trivial consequence of (ii), it remains to show that (iii) implies (i). Assuming that O(U) # 0, choose z E O(U) and a sequence 0 < o, + cc such that z = 11 l IIlim ~(a,). From (b), we know that there exists h E AP(R, X) such that
Taking into account that u is an almost-orbit of (S(t)),,,, since (s(t)),,, is assumed to be semicontractive, the inequality
II 4t + w7) -S(t) z II 6 II 4t + (%?I -s(t) 4wl)ll + II s(t) 4%) -s(t) z II
shows that (u,~), converges to hi,+ in C,(R+, X), and it now follows that u is asymptotically almost periodic. This completes the proof of Theorem 2.6.
CHARACTERIZATION OF WEAKLY ASYMPTOTICALLY ALMOST PERIODIC ALMOST-ORBITS
We next proceed to characterize weak asymptotic almost periodicity of an almost-orbit u of a strongly continuous semigroup (S( t))tPO of operators on a weakly closed subset C of a Banach space X in terms of weak uniform equicontinuity properties of (S(t)),,, on y(u). As was the case in Section 2, applications to special classes of operator semigroups will be deferred to Section 4.
For the special case of semigroup motions, [25, Theorem 2.21 directly yields the following characterization.
3.1. PROPOSITION. For a motion S( l ) x of (S(t)),,, through x E C, assume that y(x) is weakly relatively compact and (* 1 W)l,-,,ycxI : w -cl y(x) + X is weak-to-weak continuous for every h > 0.
Then S( l ) x : R + + C is weakly asymptotically almost periodic if and only if the set of operators {S(h)l,,,, : h E R + } is weak-to-weak uniformly equicontinuous on y(x).
We now consider the case of a general almost-orbit. is norm-to-norm untformly equicontinuous on y(u), u is weakly asymptotically almost periodic tfand only zf the set of operators {S(h)/,,,, : h E R + } is weak-to-weak untformly equicontinuous on y(u).
The proof depends on the following lemma, which is of independent interest since it implies (see Corollary 4.3.2 in Section 4) that all almostorbits of a uniformly bounded C,-semigroup of bounded linear operators on X are w.a.a.p. provided that all dual motions have relatively compact range. To state the result, some further notation will be helpful.
Notation.
We let .N" denote the uniformity on C with base consisting of the sets N(x:, . . . . x,*; ~)={(x,y)ECxC:I(S(co)x-S(co)y,x,*)l<~ for all iE { 1, . . . . n} and w~lR+), where c>O, nEN, and x:,...,x,*~X*; the induced topology on C will be denoted by 7. 3.3. LEMMA. Assume that u is an almost-orbit of (S(t)),,, such that bWl,,u, : h E R + } is norm-to-norm equicontinuous on y(u). Then u is weakly asymptotically almost periodic tf and only tf y(u) is z-precompact in C.
Proof
Assume that UE WAAP(R+, X), and let (u(tj.))j, be a net in y(u). Without loss of generality, we can further assume that either tA -+ t E Iw + or t, + co. In the first case, lim, 1) u(tjJ -u(t)11 = 0, and hence it follows that (u(tj,))j. is also r-convergent to u(t). Otherwise, we may suppose that (u,,)>. is a Cauchy net in C,( R +, X,. ). Since tj, + co, given E > 0, n E N, and x:, . ..) xz E X*, there exists an index I, such that From these estimates, we conclude that (u(tj.), u(t,)) E N(xr, . . . . x,*; c) for all i, y 3 lo, and hence y(u) is r-precompact in either case.
Conversely, assume that y(u) is r-precompact, and let (uJ, be any net in the set H(u) of translates of u. In case (tj,)j. has a bounded subnet, we can assume that t, + t E R+. Since our hypotheses imply that u : Rf -+ X is uniformly continuous, however, we then have that lim, )( U,;,(O) -u,(o)\\ = 0 uniformly over w E R+. Otherwise, we can assume that both tj. + co and (u(tj.))j, is a r-Cauchy net. The fact that (u,>), is a Cauchy net in C,(R+, X,.) now follows by an argument like that in the first half of the proof with (2) replaced by (dt;.), dt,)) E Nx:, ..., x,*; s/3) Thus, Lemma 3.3 is established.
for all 1, y 3 E,,.
(2') Proof of Proposition 3.2. Throughout the argument, we let qw(0) denote a neighborhood base at zero for the weak topology on X consisting of closed convex balanced sets, and set K = w-cl y(u). According to our assumptions, K with the induced weak topology is compact and metrizable. Thus, it is easy to see that condition (*) in 3.2(a) is equivalent to the following assertion:
( ** ) For every U E aJO), there exist VE ew(0) and T 
0 such that s, t 3 T and u(s)--u(t)E V imply that S(o) U(S) -S(w) u(t)E U for all WER+.
Proof of 3.2(a). Assuming that UE WAAP(R+, X), Theorem 2.2 yields that
(1) u=S(*)y+cp for ~EC,(R+,X,,) and y~o,(u) such that S( l )y is weakly almost periodic. If (*) were not satisfied, there would then exist sequences 0 < t, + co, (o,), in R+ and UE%JO) such that (2) w-lim u(t,) = z E w,.(u), but (3) S(0,) u(t,) -S(0,) z $ U for all n E N.
According to Proposition 2.4(b), we can assume that (4) (~4,~)~ converges in Cb(R+, X,&,) to some g E WAAP(R+, X), where, by (l), (5) g=S( l )u for some uEolV(y). Since u is an almost-orbit of (S(t)),,,, there exists n, E N such that (6) u(t,+h)-S(h)u(t,)E$Ufor all n>n, and all h~lR+. Together with (3), this implies that (7) u(t,+o,)-s(w,)z#$Ufor all n>n,. Since (2), (4), and (5) imply that g= S( l ) z, however, (7) contradicts (4), which completes this direction of the proof.
Conversely, assume that (* ), and hence (** ), holds. Fixing x* E X*, we would show that x* 0 u E AAP(iR+ ), and so let E > 0. From (** ) and the fact that u is an almost-orbit of (5(t)),,,, there exist VE ew(0) and r, 3 0 such that (8) s, t 2 To and U(S) -u(t) E V imply that Ix*(U(S+O)-u(t+W))I <E for all 0 3 0.
Since y(u) is weakly relatively compact, there exists a finite set {t, , . . . . r,} E [r,, 00) such that u([T,, co))cu:=i (u(t,)+iV). Thus, setting r,= {TV [T,, co) : u(t)-~u(t,)~iV}, we have that [T,, co)= U:=, r, and (9) u(s)--u(t)E Vif s, tE Ti, i= 1, . . . . n. We put M=I=max{t,, . . . . tn} and P=lJ~=,(T,-ti)nR+. Then P is relatively dense in R + since, given t E [w +, t + I E Ti for some i E { 1, . . . . n} so that t < t + I -tj < t + I, and hence [t, t + .!I n P # a. Furthermore, for any t>M and ZEP, since r=s-t, for some iE{l,...,n} and seTi, we conclude from (8) and (9) that This shows that x* 0 u E AAP(R+) (cf. [25, 27] ), and the proof of proposition (a) is complete.
Proof of 3.2(b)
. Since the weak uniform equicontinuity condition of (b) obviously implies (* ) of (a), we only need verify that this condition holds when u E WAAP( IR +, X). In this case, y(u) is r-precompact in C by Lemma 3.3. Setting K= w-cl y(u), the weak continuity of S(h) on K for each h E [w + implies that the topology T 1 K induced on K by z has a base consisting of weakly closed sets. Since K is weakly compact, however, we thus have that K= r-cl y(u) is t-complete, and hence K is z-compact. Consequently, r agrees with the weak topology on K and the respective uniformities must also agree so that the identity map from K with its weak topology to (K, z 1 K) is uniformly continuous, whereby { S(h)1 K : h E R + } is weak-to-weak (uniformly) equicontinuous on K. This completes the proof of Proposition 3.2.
APPLICATIONS AND RELATED RESULTS
In this section, we present a sample of applications of the foregoing results to special operator semigroups along with some related results. We also briefly summarize the connections with the study of asymptotic behavior of solutions to the abstract Cauchy problem.
Weak Asymptotic Almost Periodicity for Contraction Semigroups
We consider the following setting: (4.1.0) u : KY+ + C is an almost-orbit of (S(t)),,, with weakly relatively compact range, where either (a) (S(t)),,o is a uniformly bounded C,-semigroup of continuous linear operators on X( = C), or (b) (S(t)),,, is a contraction semigroup on a closed convex subset C of a uniformly convex Banach space X and u is asymptotically isometric; i.e., lim, _ o. In the context of (4.1.0), as a consequence, an almost-orbit u of (S(t)), aO with weakly relatively compact range is weakly asymptotically almost periodic if and only if there exists a unique almost periodic motion S( l ) y of (S(t)),,, such that w-lim, _ ao (u(t) -S(t) y) = 0. 
Thus, for each x* c X*, the scalar valued function cp defined on [T, co) by cp( t) = (A i S(t) x, x* ) has an asymptotically almost periodic integral. Again using the method of proof of [29, Theorem 4.21, we conclude that cp is improperly Riemann integrable. In view of (l), this shows that w-lim, _ o. S(t) x exists, and the proof is complete.
Uniformly Bounded C,-semigroups
We shall present a sample of the consequences that arise from applying the results of Sections 2 and 3 in the context of uniformly bounded C,-semigroups of linear operators. Our basic assumption throughout this section is thus the following: We begin with a consequence of Lemma 3.3.
4.3.1. THEOREM. An almost-orbit u: R + + X of (S(t)), 2 0 is weakly asymptotically almost periodic tf and only if y(u) is precompact with respect to the topology T of untform convergence on the sets {S(t)* x*: t E R + }, x* E x*.
4.3.2. COROLLARY. If each dual motion S( l )* x* : LIZ+ --f X* has (norm) relatively compact range (x* E X*), then every almost-orbit u of (S(t)),,, is weakly asymptotically almost periodic.
If X is assumed to be weakly sequentially complete in the preceding two results, then we can also conclude that u has the additional properties specified in Theorem 4.1.1 and Proposition 4.1.2 since y(u) would as well be weakly relatively compact by Proposition 2.4(a).
We also note that Example 2.5(a) provides an instance where Corollary 4.3.2 would apply. Indeed, for l/p + l/q= 1, the adjoint semigroup (s(t)*),,, on Ly(R+) is defined by S(t)*f=f, with S( l )* f E C,( R +, Ly( R + )) for all f E Ly( R + ), and so the assumptions of 4.3.2 are fulfilled. This example is nontrivial in the sense that every motion S( l )f of (S(t)),,, belongs to W,(R+, LP(R+))n C,(R+, L"(lR+),.), but yet the w-limit set of every nonzero motion is void.
Turning to weak stability properties, first note that, in general, functions that weakly vanish at infinity need not be Eberlein-weakly almost periodic [29, Example 3.51 . In the context of C,-semigroups, however, we have the following positive result which is a consequence of combining Proposition 2.4(a) with Theorem 4.1.1. is weakly stable, then every almost-orbit u of (S(t)),,, belongs to CO(R+, X,,.)n W,(R+, X).
4.3.5. THEOREM. Assume that u: R+ -+X is a weakly asymptotically almost periodic almost-orbit of (S(t)), a ,, with weakly relatively compact range.
(a) Ifa,(A)niR=@, then w-lim,,, u(t)=O. (b) Zf a,(A)n iLQ= {0}, then w-lim,,,, u(t) exists (and is a fixed point of(s(t)Lao).
The case of periodic semigroups clearly shows that a restriction on the point spectrum o,(A) of A is necessary for these conclusions to hold. Also note that the examples of 2.5 are typical for the situation covered by Theorem 4.35.
Proof of Theorem 4.35. From Theorem 4.1.1, we have that u E W(R+, X) and u = S( l ) y + cp, where ye o,,(u) with S( l ) y almost periodic and cp E C,( R +, X,,). As the nonzero Fourier coefficients of S( l ) y are eigenvectors of (S( t))t a 0 corresponding to unimodular eigenvalues (see, for example, the method of proof of [30, Proposition 3.7] ), the assumptions on a,(A), when teamed with the approximation of almost periodic functions by their Bochner-Fejer polynomials [ 11, reveal that S( l ) y = 0 in case (a) and S( l ) y = y in case (b). This completes the proof. 4 .3.6. Remark. As has already been noted, the asymptotic properties of the semigroups in Example 2.5 could as well be read from the foregoing results in Section 4. In the converse direction, these results serve to stress the sharp distinction between the reflexive and nonreflexive cases for special semigroups. For the remainder of the section, we shall assume the following: (i) G( l ) x is almost periodic; (ii) G( l ) x is weakly almost periodic; (iii) y(x) is relatively compact with respect to the topology on X of untform convergence on the sets {G(t)* x*: t E rW}, x* E X*.
PROPOSITION.
Assume that all dual motions G( l )* x*, x* E X*, have relatively compact range. Then (a) every motion G( 9 ) x is weakly almost periodic, x E X, and (b) every motion G( l ) x is almost periodic, x E X, in case X is weakly sequentially complete.
Proof
We shall only prove that (ii) implies (i) in Theorem 4.4.1. For all other implications, it is enough to note that the method of proof of Lemma 3.3 works as well in the group case. Furthermore, it suffices to consider the case (b) in 4.4.1 since each of the assertions (i)-(iii) implies that y(x) is weakly relatively compact whenever X is weakly sequentially complete (for (ii), see Proposition 2.4). Now, assuming that (ii) holds, Theorem 4.1.1 gives us that G(t) x = G(t) y + rp(t) for all t > 0, where ~E&(R+, X,.), YEW,,(X), and G( l )yl,+ =gJR+ for some gEAP(!R, X). The function h = G( l ) x -g : R + X is therefore weakly almost periodic. Also, given any x* E X*, we have that lim (h(t), x* ) = lim (q(t), x* ) = 0, r-m t-02
and hence h = 0. Since G( l ) x = g, the proof is complete.
4.4.3. Remark. Theorem 4.4.1 makes plain that, at least for group motions, Eberlein-weak almost periodicity is a more natural phenomenon than weak almost periodicity. For a uniformly bounded Co-group of operators on a Banach space, every motion with weakly relatively compact range is Eberlein-weakly almost periodic [30, Theorem 3.121 , whereas a motion is weakly almost periodic only if it is already almost periodic. The translation group on W(R) provides an example where every motion is E.-w.a.p., but the only weakly almost periodic (and hence almost periodic) motions are those through a function f~ AP(R). For further examples to this effect, consider the following C,-groups of isometries: In this setting, consider the homogeneous Cauchy problem Then (cf. [2, 19, 241 ) strong solutions to (CP,) are motions of the associated semigroup (S( t ))! b 0, and the mild solution u(t) = S(t) uO + j:, S(t -s) g(s) ds (1 inear case), respectively, the integral solution in the sense of [4] (nonlinear case) to (CP) is an almost-orbit of (S(t)),,,.
The foregoing results can thus be applied to the qualitative study of asymptotic behavior of solutions to (CP,) and (CP) in the following directions:
Final Remarks. In the literature concerning weak almost periodicity properties for solutions of differential equations, the notion that has principally been taken into account is that of weak almost periodicity (on [w), respectively, weak asymptotic almost periodicity (on iw + ) (cf. [ 1, 8, 141) . The results of this paper taken together with those of [28, 30, 311 indicate the significant advantage to be gained by bringing the concept of Eberleinweak almost periodicity into the picture. Indeed, in the context of the abstract Cauchy problem, Eberlein-weak almost periodicity occurs automatically across a broad range of concrete instances [28, 301 (also see Remark 4.4.3 above). Teamed with weak asymptotic almost periodicity, this property then leads to even stronger results; namely, (a) weak convergence to an almost periodic solution-as opposed to just a weakly almost periodic solution (Theorem 4.1.1), and (b) existence of the norm limit of the ergodic means rather than just the weak limit [ 3 1, Theorem 2.21.
